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A series of aspects of the quantum gravity predict a modification in the Heisenberg 
uncertainty principle to the generalized uncertainty principle (GUP). In the present work, 
using the momentum space representation, we study the behavior of the Kemmer oscillator in 
the context of the GUP. The wave function, the probability densities, and the energy spectrum 
are obtained analytically. Furthermore, the thermodynamic properties of the system are 
investigated via numerical method and the influence of GUP on thermodynamic functions is 
also discussed. 
1.Introduction 
The Kemmer equation introduced by Kemmer [1] is a two-body Dirac-like equation which 
involves matrices obeying a different scheme of commutation rules [1-3]. Historically, with 
the development of the equivalence of the Kemmer approach to the Klein–Gordon (KG) and 
Proca descriptions in on-shell situations, this equation tended to unpopular until it began to be 
investigated in several situations involving the breaking of symmetries and hadronic process, 
showing that in a way Kemmer and KG theories can give different results [4-5]. For these 
reasons, there has been a growing interest in studying the Kemmer equation [6-14]. 
On the other hand, it is well known that the generalizations of the uncertainty principle 
of quantum mechanics is probably the most challenging and interesting problem in theoretic 
physics. One of the main lines of investigation focuses on understanding how the Heisenberg 
Uncertainty Principle (HUP) should be modified once gravity is taken into account, thus 
various typic approaches such as string theory, loop quantum gravity, deformed special 
relativity and studies of black hole physics [15-22] are involved in the arguments. One of the 
well known formalism of the GUP is given by[23-26] 
∆xi∆pi ≥
ћ
2
 1 + β  ∆p 2+< p >2 + 2β ∆pi
2+< pi >
2  ,                          (1)  
where 
β = β
0  Mp c 
2
 =  lp
2 ћ2  β0, p
2 =  pii pi , Mp  is the Planck mass and Mp c
2 corresponds 
to the Planck energy. In addition, inequality (1) is equivalent to the following modified 
Heisenberg algebra[19]  
 xi,pj, = iћ δij + βδij p
2 + 2βpipj ,                                            (2)                                                                     
via the Jacobi identity, this form ensures that  xi,xj =  pi,pj = 0.   
Nowadays, various topics have been studied in connection with the GUP: Some aspects 
of the harmonic oscillator in the GUP scenario have been studied in [27-29]. The dynamics of 
a particle in a gravitational quantum well with GUP is studied in [30]. The quantum 
mechanical scattering problem for the Yukawa and the Coulomb potential has been studied in 
[31]. The implications of a generalized uncertainty relation on cosmology are discussed in 
many papers, for example see [32,33]. The effects of the modified uncertainty principle on the 
inflation parameters have been studied in [34]. The approaches and applications with 
generalized uncertainty principle are discussed in [35]. The Schrödinger equation in the 
presence of the GUP have been studied in [36-37]. The solution of the Dirac equation in the 
GUP scenario is solved in [38].  
In spite of the great number of papers that have recently been published concerning the 
solutions and properties of the Kemmer equation [6-14], as far as we know, no one has 
reported on its thermal properties in the context of the GUP. In the present work, we are 
interested to study the effects of the generalized uncertainty principle on the thermal 
properties of the Kemmer oscillator. This work is organized as follows: in Section 2 we 
analyze the solutions of the Kemmer oscillator in the context of the GUP and obtain the 
energy spectrum as well as the corresponding probability density. Subsequently, on the basis 
of the above, the thermodynamic properties of the Kemmer oscillator are investigated by 
employing the zeta Epstein function in Section 3. Moreover, in order to have an intuitive 
understanding for the statistical properties of the physical system, we depict the numerical 
results of the thermodynamic functions with several figures and discuss the effect of the GUP 
parameter on thermal properties in Section 4. Finally, Section 5 is our conclusion. 
2. The Kemmer oscillator in the context of the GUP 
The Dirac-like relativistic Kemmer equation for spin-1 particles can be written as [1-3] 
 β 
u
p u − Mc ѱk = 0,                                                        (3)                                                       
where M is the total mass of two identical spin-1/2 particles. The 16×16 Kemmer matrices β 
u
 
(u=0, 1, 2 and 3) satisfy the relation 
β 
u
β 
v
β 
λ
+ β 
λ
β 
v
β 
u
= g uv β 
λ
+ g λvβ 
u
,                                             (4)                                                                           
with  
β 
u
= γ u  ⊗ I + I ⊗ γ u ,                                                       (5)                                                         
where I  is a 4×4 identity matrix, γ u  are the Dirac matrices, and ⊗ indicates a direct 
product. 
Considering the configuration of the Dirac oscillator potential in the 1D case, the 
momentum operator p x  in the free Kemmer equation, could be substituted by p x − iMB wx , 
where w is the oscillator frequency, and the operator B  is chosen as B = γ 0 ⊗ γ 0, with 
B 2 = I . So, the Kemmer equation with a Dirac oscillator interaction is 
  γ 0 ⊗ I + I ⊗ γ 0 E − c γ 0 ⊗ σ x + σ x ⊗ γ 
0   p x − iMB wx  − Mc
2γ 0 ⊗ γ 0 ѱk = 0,    (6) 
where the Dirac γ  matrices are substituted by Pauli σ  matrices. The stationary state ѱ
k
 of 
equation (6) is four-component wave function of the Kemmer equation, which can be written 
as  
ѱ
k
= ѱ
D
⊗ ѱ
D
=  ѱ1 ѱ2  ѱ3 ѱ4  
T
,                                           （7）                                             
where ѰD  is the solution of the Dirac equation. Then substituting equation (7) into equation 
(6), we can easily obtain four linear algebraic equations 
 2E − Mc2 ѱ
1 
− c p x + iMwx ѱ2  − c p x + iMwx ѱ3 = 0,                                             
−c p x − iMwx ѱ1 + Mc
2ѱ
2  
+ c p x − iMwx ѱ4 = 0,                                                    
−c p x − iMwx ѱ1 + Mc
2ѱ
3 
+ c p x − iMwx ѱ4 = 0,                                                       
c p x + iMwx ѱ2  + c p x + iMwx ѱ3 −  2E + Mc
2 ѱ
4 
= 0.                       (8)   
From these equations, we get the following results: 
ѱ
2  
= ѱ
3 
, ѱ
1 
=
2c
2E−Mc 2
 p x + iMwx ѱ2  , ѱ4 =
2c
2E+Mc 2
 p x + iMwx ѱ2  ,             (9)   
combination equation (8) and (9) gives  
 p x
2 + M2w2x2 +
Mc 2
k1+k2
− iMw x, px  ѱ2  = 0,                                  (10) 
where k1 = 2c
2 (Mc2 − 2E) , k2 = 2c
2 (Mc2 + 2E) . Here, it should be noted that in the 
momentum space representation we have p = p and x = iћ 1 + βp2 
∂
∂px
. 
In addition, according to the eq. (2), the commutation relation between position vector 
and momentum vector satisfy 
 x, p = iћ 1 + βp2 .                                                       (11) 
Substituting (11) into (10) we have 
  1 + βp2 2
∂2
∂p2
+ 2βp 1 + βp2 
∂
∂p
−
 1+Mw ћβ 
M2w2ћ2
p2 −
 ε+Mw ћ 
M2w2ћ2
 ѱ2 p = 0,            (12)                 
where  ε =
Mc 2
k1+k2
. 
With the aid of the variable q defined by p ∈  −∞, +∞ → q ∈  −
π
2Mw ћ β
, +
π
2Mw ћ β
  
q =
tan −1 p β
Mw ћ β
, we can rewrite eq.(12) as 
 
∂2
∂q2
−
 1+Mw ћβ 
β
sin 2 Mw ћ βq 
1−sin 2 Mw ћ βq 
−  Mwћ + ε  ѱ2 q = 0.                         (13)   
Here we introduce an auxiliary function ѱ
2
 q =  1 − sin2 Mwћ βq  
ϛ
2f sin Mwћ βq   
and for the sake of simplification, let us assume that  
ϛ ϛ − 1 −
 1+Mw ћβ 
M2w2ћ2β2
= 0.                                                   (14) 
Actually, this equation will lead to the following expression of ϛ, i.e. ϛ
1
=
1+ 1+
4 1+Mw ћβ 
M 2w 2ћ2β2
2
 
and ϛ
2
=
1− 1+
4 1+Mw ћβ 
M 2w 2ћ2β2
2
. However, the second solution leads to the divergence of wave 
function, therefore, in the following, we select ϛ = ϛ
1
. Thus the eq. (13) turns into 
 1 − sin2 Mwћ βq  f ′′ sin Mwћ βq  −  2ϛ + 1 sin Mwћ βq f ′ sin Mwћ βq  +
 −ϛ −
 ε+Mw ћ 
M2w2ћ2β
 f sin Mwћ βq  = 0.                                        (15) 
Moreover, the polynomial solution to eq. (15) is obtained by demanding the following 
condition: 
−ϛ −
ε+Mw ћ
M2w2ћ2β
= n n + 2ϛ                                                 (16)    
with n a non-negative integer. 
 Then eq. (15) can be rewritten as 
 1 − sin2 Mwћ βq  f ′′ sin Mwћ βq  −  2ϛ + 1 sin Mwћ βq f ′ sin Mwћ βq  +
n n + 2ϛ f sin Mwћ βq  = 0.                                            (17)  
Obviously, its solution can be expressed in terms of Gegenbauer’s polynomials as 
f sin Mwћ βq  = NCn
ϛ
 sin Mwћ βq  , with N is a normalization constant. Then the 
momentum eigenfunction of Kemmer oscillator in the context of the GUP are given by 
ѱ
2
 p = N 1 − sin2 Mwћ βq  
ϛ
2Cn
ϛ
 sin Mwћ βq  = N  
1
1+βp2
 
ϛ
2
Cn
ϛ
(
p β
 1+βp2
).      (18)                            
Besides, by using the following property of Gegenbauer’s polynomials [39] 
dCn
ϛ
 sin  Mw ћ βq  
dsin  Mw ћ βq 
= 2ϛCn−1
ϛ+1
 sin Mwћ βq  ,                                   (19)                                                                                      
we finally obtain 
ѱ
1
 p =
2c
2E − Mc2
 px − ћMw 1 + βp
2 
∂
∂px
 ѱ2 p =
2c
2E − Mc2
N  
1
1 + βp2
 
ϛ
2
 
  p + ћMwϛβp Cn
ϛ
 
p β
 1+βp2
 − 2ϛћMw 1 + βp2 Cn−1
ϛ+1
(
p β
 1+βp2
)   
β
1+βp2
− β
3
2p2 1 + βp2 
−3
2   ,                                                                                                                          
ѱ
2
 p = ѱ
3
 p ,                                                                                                                       
ѱ
4
 p =
2c
2E + Mc2
 px − ћMw 1 + βp
2 
∂
∂px
 ѱ2 p =
2c
2E + Mc2
N  
1
1 + βp2
 
ϛ
2
 
  p + ћMwϛβp Cn
ϛ
 
p β
 1+βp2
 − 2ϛћMw 1 + βp2 Cn−1
ϛ+1
(
p β
 1+βp2
)   
β
1+βp2
− β
3
2p2 1 + βp2 
−3
2   .                                                                                                                                  
                                                                       (20) 
Therefore, the wave function of the system can be written as 
ѱ
k
= N
 
 
 
2c
2E−Mc 2
 p x + iMwx 
1
1
2c
2E+Mc 2
 p x + iMwx  
 
 
 1 + βp2 
−ϛ
2 Cn
ϛ
 
p β
 1+βp2
 .                        (21)                                             
At this stage, we determine the normalization constant N by demanding the following 
normalization condition: 
 ѱk , ѱk =  
1
1+βp2
ѱ
k
+
 γ 0 ⊗ γ 0 ѱkdp = 1
+∞
−∞
,                                  (22)                                      
and according to the property of Jacobi polynomial  dy 1 − y2 
λ−
1
2
+1
−1
 Cn
λ y  
2
=
π21−2λΓ 2λ+n 
n! n+λ  Γ λ  2
, we have                                                                                                                                         
   N =
 β
1
4π
−
1
22ϛ−1  
−Γ 2ϛ+n 
n! n+ϛ  Γ ϛ  2
+
2c2 8E2+2M2c4 
 2E−Mc 2 2 2E+Mc 2 2
  
1
β
− 4ϛMwћ  1 + Mwћϛβ 
Γ 2ϛ+n 
n! n+ϛ  Γ ϛ  2
+
 ϛMw ћ 2βΓ 2ϛ+n+2 
 n+1 ! n+ϛ+1  Γ ϛ+1  2
  
−
1
2
,                                                  (23) 
then the corresponding probability density of every component can be expressed as 
P′i =   ѱi
† γ 0 ⊗ γ 0 ѱidp
+∞
−∞
 , i=1,2,3,4.                                      (24)   
Furthermore, we derive the energy spectrum from (16) which leads to 
En
2 = c2M2w2ћ2βn2 +  2Mwћc2 1 + Mwћβ + c2M2w2ћ2β n +
c2M2w2ћ2β
2
+
c4M2
4
+
Mwћc2 + Mwћc2 1 + Mwћβ. n=0,1,2…                                     (25) 
In view of the obscurity and complexity of eq. (25), we decide to depict the numerical results 
aiming to show the effect of the GUP in the energy spectra. In figure 1, the energy spectra E 
versus the principal quantum number for different values of the GUP parameter are plotted. 
Positive and negative energy levels correspond to the case of particle and antiparticle, 
respectively. It shows that for the same principal quantum number, the energy E increases 
monotonically with the increase of the GUP parameter. The effect of the GUP parameter on 
the energy levels is observable, where β = 0 corresponding to the case of the normal 
quantum mechanics, and this result is rigorously consistent with the reference 6. 
 Figure 1. The profile of the energy spectra 𝐸 of the Kemmer oscillator in the context of GUP 
versus the principal quantum number 𝑛 for different values of β (M = ћ = w = 1). 
3.The thermal function of Kemmer oscillator under the influence of GUP   
As we know, all thermodynamic quantities can be obtained from the partition function 𝑍, 
therefore, in the following work, the partition function of the system is calculated firstly. We 
start with the following eigenvalues of Kemmer oscillator in the context of GUP as 
En =  κn2 + ηn + 1 
M2c2w2ћ2β
2
+
c4M2
4
+ c2Mwћ + c2Mwћ 1 + Mwћβ,         (26)                                                               
where κ =
Mw2ћ2β
M w 2ћ2β
2
+
c 2M
4
+wћ+wћ 1+Mw ћβ
 and η =
2wћ 1+Mw ћβ+Mw2ћ2β
M w 2ћ2β
2
+
c 2M
4
+wћ+wћ 1+Mw ћβ
 . 
Given the energy spectrum, we can define the partition function via 
Z =  e−β
 En
n ,                                                           (27) 
where β =
1
kB T
 with kB  is the Boltzmann constant. In this case, eq. (27) can be written as  
 Z =  e−
1
Ί
 κn2+ηn+1
n ,                                                    (28)                                                                              
with Ί =
Mwc ћτ
 κ
. Now we set τ =
kB T
Mc2
, t =
1
Ί
 κn2 + ηn + 1, and by using the following 
relation [40]  
e−t =
1
2πi
 dst−sΓ s 
∞
c
,                                                    (29)                                                   
then the sum can be expressed as 
 e−
1
Ί
 κn2+ηn+1
n =
1
2πi
 ds
∞
c
 
1
Ί
 
−s
  κn2 + ηn + 1 −
s
2n Γ s =
1
2πi
 ds  
1
Ί
 
−s
J s Γ s 
∞
c
,(30) 
where J s =  
1
Q 1,n 
𝑠
2
n  and Γ s  are the Euler and one-dimensional Epstein zeta function 
respectively, with Q 1, n = κn2 + ηn + 1. For the sake of convenience, we set x =
η
2
 and 
y =
 4κ−η2
2
, then the expression of J s  can be rewritten as 
J s = 2κ−
s
2Ϛ s +
2κ
−
s
2y1−s  π
Γ 
s
2
 
Ϛ s − 1 Γ  
s
2
−
1
2
 +
2κ
−
s
2y
 
1
2
−
s
2
 
π
s
2
Γ 
s
2
 
H  
s
2
 .               (31)                      
Now, the final partition function turns into                                       
Z =
 ds
∞
c
 
1
Ί
 
−𝑠
2κ−
𝑠
2Ϛ s Γ s 
2πi
+
1
2πi
 ds
∞
c
 
1
Ί
 
−𝑠 2κ−
𝑠
2y1−s π
Γ  
s
2 
Ϛ s − 1 Γ  
s
2
−
1
2
 Γ s  
+
1
2πi
 ds
∞
c
 
1
Ί
 
−𝑠 2κ
−
𝑠
2𝑦
1
2
−
𝑠
2π
s
2
Γ 
s
2
 
𝐻  
s
2
 Γ s ,                                       (32)    
Next, by applying the residues theorem, we have 
  Z = 2Ϛ 0 +
2
 κ
 Ϛ 1 + Ϛ 0  Ί +
2πΊ2
κy
.                                     (33)   
In addition, it should be noted that the last integral in equation (32) goes to the zero because 
of the following relation 
1Γ s 
= sers    1 +
x
n
 e−
x
n  ∞n=1 ,                                             (34)                                                  
where r is Euler’s constant expressed as r = limn→∞   
1
k
n
k=1 − log(n) , thus the final 
partition function of Kemmer oscillator in the context of GUP becomes 
Z Ί, κ =
2π
κ κ−1
Ί2 +
1
 κ
Ί − 1.                                               (35) 
Then the thermodynamic properties of the physical system, such as free energy, mean energy, 
specific heat, and entropy, can be calculated from the following expressions 
F = −Ίl n Ƶ ,                                                                          
U = Ί2
∂ln (Z)
∂Ί
,                                                                                                                                                                                                  
C = 2Ί
∂ln (Ƶ)
∂Ί
+ Ί2
∂2ln (Ƶ)
∂Ί2
,                                                                                                   
S = ln Ƶ + Ί
∂ln (Ƶ)
∂Ί
.                                                       (36)     
In order to perform our analysis on the thermodynamics of the Kemmer oscillator, we will 
restrict ourselves to stationary states of positive energy. And from (36), we predict that the 
thermodynamic functions will be very complicated. In this case, in order to have an intuitive 
understanding for thermodynamic properties of the Kemmer oscillator in the context of the 
GUP, in the following, we briefly depict our numerical results on the evaluation of the 
thermodynamic functions, i.e. free energy, mean energy, specific heat, and entropy, via the 
numerical partition function 𝑍.     
4. Results and Discussions  
Before beginning, it should be noted that all profiles of the thermodynamic quantities as 
a function of dimensionless temperature variable 𝜏 for different values of κ, i.e. κ =
1.5, 2.3, 3.4 are plotted in Figures 2–6, and in these figures, the natural unit (ћ = c = M = 1) 
is employed. 
From the result shown in Figure 2, it shows that the partition function 𝑍 increases 
monotonically with dimensionless variable 𝜏, and for a fixed value of 𝜏, the partition function 
decreases with the increase of the deformed parameter κ. In Figure 3, the free energy 𝐹 is 
shown, we see that the free energy decreases with κ growing, and for a fixed value of 𝜏, the 
profile of the curves decreases monotonically with the temperature for both cases. We plot the 
mean energy U versus 𝜏 for different values of the deformed parameter κ in Figure 4, it also 
shows that for a fixed 𝜏 the mean energy decreases when κ grows. The profile of heat 
capacity C as a function of 𝜏 for different values of κ is depicted in Figure 5. We show that 
the heat capacity increases for increasing 𝜏 at first and then remain invariant for a same value 
with 𝜏 growing, it means that the effect of the GUP on the heat capacity can be negligible at 
high temperature. The curves of the numerical entropy versus 𝜏 for different values of κ is 
plotted in Figure 6. It shows that the tendency of entropy rapidly increases at first for 
increasing 𝜏 and then slowly grows for large 𝜏 values, and for a fixed value of 𝜏, the entropy 
of the system decreases when the deformed parameter κ grows. 
 
Figure 2.The partition function 𝑍 of the Kemmer oscillator in the context of the GUP 
as a function of 𝜏 for different values of κ. 
 
Figure 3.The free energy F of the Kemmer oscillator in the context of the GUP 
as a function of 𝜏 for different values of κ. 
 
Figure 4.The mean energy U of the Kemmer oscillator in the context of the GUP 
as a function of 𝜏 for different values of κ. 
 Figure 5.The specific heat C of the Kemmer oscillator in the context of the GUP 
as a function of 𝜏 for different values of κ. 
 
Figure 6.The entropy S of the Kemmer oscillator in the context of the GUP 
as a function of 𝜏 for different values of κ. 
5. Conclusions 
This paper was devoted to study of the thermodynamic properties of the Kemmer oscillator in 
the context of the GUP. We first analyzed the Kemmer oscillator in the context of the GUP 
and obtained the wave function, the corresponding probability density of every component as 
well as the energy spectrum by employing the Gegenbauer polynomial. Subsequently, we 
investigated the thermodynamic properties of the system by employing the Epstein zeta 
function and depicted our numerical results for the corresponding thermodynamic functions 
through the associated partition function 𝑍, and the effect of the GUP parameter on 
thermodynamic properties was reported. It shows that the wave function, the probability 
densities, the energy spectrum and the corresponding thermodynamic functions of Kemmer 
oscillator depend explicitly on the deformed parameter β which characterizes the effects of 
the GUP on this considered physics system.  
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